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Understanding the robustness of topological phases of matter in the presence of strong interactions, and syn-
thesising novel strongly-correlated topological materials, lie among the most important and difficult challenges
of modern theoretical and experimental physics. In this work, we present a complete theoretical analysis of
the synthetic Creutz-Hubbard ladder, which is a paradigmatic model that provides a neat playground to address
these challenges. We put special attention to the competition of correlated topological phases and orbital quan-
tum magnetism in the regime of strong interactions. These results are furthermore confirmed and extended by
extensive numerical simulations. Moreover we propose how to experimentally realize this model in a synthetic
ladder, made of two internal states of ultracold fermionic atoms in a one-dimensional optical lattice. Our work
paves the way towards quantum simulators of interacting topological insulators with cold atoms.
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I. INTRODUCTION
Topological features of quantum many-body systems pro-
vide a new paradigm in our understanding of the phases of
matter [1], and give rise to a promising avenue towards fault-
tolerant quantum computation [2]. From a condensed-matter
perspective, such features lead to exotic groundstates beyond
the conventional phases of matter, which are typically under-
stood by the principle of symmetry breaking and the notion of
a local order parameter. On the contrary, these exotic states
can only be characterised by certain topological properties.
The integer quantum Hall effect, which is a paradigmatic
example of such peculiar phases [3], requires the introduction
of a topological invariant to describe the different plateaus and
their associated transverse conductivities [4]. Another inter-
esting property of this state of matter is the bulk-boundary
correspondence, which relates such a topological conductiv-
ity, a bulk property, to the existence of current-carrying edge
states localised within the boundaries of the system [5]. Al-
though the bulk of an integer quantum Hall sample appears
as a trivial band insulator, its boundary corresponds to a holo-
graphic chiral liquid where interactions merely renormalise
the edge-state Fermi velocity [6].
As realised in a series of seminal works [7, 9, 10], these
remarkable properties are not unique to quantum Hall sam-
ples subjected to strong magnetic fields. Instead, they arise
in various models with different symmetries and in different
dimensions [11], the so-called topological insulators and su-
perconductors [12], which also lead to the notion of symmetry-
protected topological phases in the context of topological or-
der [1]. Remarkably enough, some of these models have
turned out to be accurate descriptions of real insulating mate-
rials [12–14], and promising candidates to account for obser-
vations in proximitized superconducting materials [15]. This
has positioned the subject of topological insulators and super-
conductors not only at the forefront of academic research, but
also at the focus of technological applications, such as topo-
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2logical quantum computation with Majorana fermions [2].
Despite this success, (i) there are still several paradigmatic
models of topological models whose connection to real ma-
terials still remains unknown, or even seems quite unlikely,
as it occurs for the Hofstadter model with magnetic fluxes on
the order of the flux quantum [16], or the Haldane model [7].
Moreover, (ii) most of the topological materials explored in
the laboratory so far do not display important electronic cor-
relation effects [17]. This is rather unfortunate in view of the
richness of the fractional quantum Hall effect [18], where such
correlations are responsible for a plethora of exotic topologi-
cal phases of matter.
In the present work, rather than considering real materi-
als, we shall be concerned with the so-called synthetic quan-
tum matter in atomic, molecular and optical (AMO) plat-
forms, more particularly with ultracold gases of neutral atoms
trapped in periodic potentials made of light, i.e. optical lat-
tices [19]. The ever-improving experimental control over
these quantum many-body systems has already allowed to de-
sign their microscopic Hamiltonian to a great extent. In this
way, it is possible to target interesting condensed-matter mod-
els, some of which are still lacking unambiguous experimen-
tal feedback from experiments with real materials [20, 21], as
occurs for the bosonic [22–24] and fermionic [25–27] Hub-
bard models. The initial interest in optical-lattice imple-
mentations of integer quantum Hall phases [28], and other
time-reversal invariant topological insulators [29, 30], has
risen considerably in the recent years due to the experimen-
tal progress [31, 32]. In particular, elusive topological sys-
tems such as the Hofstadter [16] or the Haldane [7] mod-
els, have been realised in experiments with bosonic [33] and
fermionic [34] ultracold atoms, respectively. The possibility
of including two or more different atomic states/species, con-
trolling their interactions via Feshbach resonances [35], may
eventually lead to the experimental test of correlation effects
in these topological states.
Here, we introduce a variant of the quasi-one-dimensional
(quasi-1D) Creutz topological insulator [36], and study the ef-
fect of repulsive Hubbard-type interactions on the topological
phase. This model, which shall be referred to as the imbal-
anced Creutz-Hubbard ladder, is readily implementable with
ultracold fermions in intensity-modulated optical lattices. We
argue that such a model has all the required ingredients to be-
come a workhorse in the study of strongly-correlated topo-
logical phases in AMO setups. Indeed, two accessible AMO
ingredients as (i) a simple Zeeman shift between the atomic
internal states, which yields a leg imbalance in the ladder,
and (ii) on-site repulsive contact interactions tuned by some
Feshbach resonances, which lead to Hubbard-type rung in-
teractions in the ladder, can be employed to access the rich
phase diagram of this model (see Fig. 1), which was widely
uncharted prior to our study. Starting from a flat-band regime,
we show that the imbalance and the interactions lead to a com-
petition between a topological phase and two different phases
of orbital quantum magnetism. At large interaction strength, a
long-range in-plane ferromagnetic order arises, related to the
symmetry-broken phase of an orbital quantum Ising model;
while the Zeeman imbalance then drives a standard quantum
Figure 1: Phase diagram of the imbalanced Creutz-Hubbard
ladder: Phase diagram displaying a topological insulator (TI)
phase, and a pair of non-topological phases: an orbital phase with
long-range ferromagnetic Ising order (oFM), and an orbital param-
agnetic phase (oPM). The horizontal axis represents the ratio of the
inter-particle interactions to the tunneling strength, whereas the ver-
tical axis corresponds to the ratio of the energy imbalance to the tun-
neling strength. The dashed yellow line shows the transition points
of the effective model in the strong-coupling effective (Ising) model.
The dashed red line indicates the transition as obtained from the
weak-coupling expansion. The red circle shows the transition point
in the balanced model at intermediate interactions. Stars label nu-
merical results, and the blue line is an extrapolation of the phase-
boundaries. The labels of the critical lines give the central charge
of their underlying conformal field theory. Details on the different
phases and transitions between them are provided in Sec. III.
phase transition in the Ising universality class towards an or-
bital paramagnetic phase. In order to understand the model
away from this limit, we introduce two new methods based on
mappings onto models of quantum magnetism and quantum
impurity physics. These methods allow us to locate exactly
certain critical points/lines, and to predict topological quan-
tum phase transitions for weak and intermediate interactions
with different underlying conformal field theories (CFTs), i.e.
Dirac versus Majorana CFTs, which then fit very well with
numerical results based on Matrix-Product-States (MPS) [37].
We also provide suggestions for experimental observables to
pinpoint these three phases.
This manuscript is organized as follows: in Sec. II the stan-
dard Creutz ladder is introduced, and some previous studies
are briefly accounted for, which show that this model leads to
a topological insulator in the BDI symmetry class [11]. There-
fore, the standard Creutz ladder lies in the same symmetry
class as the Su-Schrieffer-Heeger model [38], which has al-
ready been implemented in optical lattices [39]. We then in-
troduce the imbalanced Creutz ladder, which provides an in-
stance of a topological insulator in the AIII class (chiral uni-
tary), which still lacks an AMO implementation. Moreover,
as argued in Sec. III, the Hubbard interactions lead to a very
neat interplay of strongly-correlated and topological effects.
We identify the different phases of the model, together with
standard and topological quantum phase transitions that con-
nect them. Finally, in Sec. IV, we lay out a detailed proposal
to implement the imbalanced Creutz-Hubbard ladder in an ul-
tracold Fermi gas with two different internal states trapped
3in a standard one-dimensional (1D) optical lattice, enriched
by intensity-shaking and Raman laser-assisted tunnelling. We
present our conclusions and outlook in Sec. V.
II. THE IMBALANCED CREUTZ-HUBBARD LADDER
The standard Creutz model describes a system of spin-
less fermions on a two-leg ladder (see Fig. 2 (a)), which are
created-annihilated by the fermionic operators c†i,`,ci,`, where
i∈ {1, . . . ,N} labels the lattice sites within each leg of the lad-
der ` ∈ {u,d}. Fermions are allowed to hop vertically along
the rungs of the ladder with tunnelling strength tv, and hori-
zontally along the legs of the ladder with a complex tunnelling
t` = th(eiθδ`,u + e−iθδ`,d), where th is a tunnelling strength,
and δa,b is the Kronecker delta. The arrangement of complex
phases in the horizontal links leads to a net 2θ -flux gained by
a fermion hopping around a square unit cell, playing thus the
role of the so-called Peierls phases of a magnetic field pierc-
ing the ladder. In addition, the kinetic part of the Hamiltonian
also includes a diagonal tunnelling of strength tdiag, yielding
altogether
HC =−∑
i
∑`
(
t`c
†
i+1,`ci,`+ tdiagc
†
i+1,`ci, ¯`+ tvc
†
i,`ci, ¯`+H.c.
)
,
(1)
where we use the notation ¯`= d( ¯`= u) for `= u (`= d).
This quadratic lattice model was put forth in Ref. [36] as
a simple toy model to understand some of the key properties
of higher-dimensional domain-wall fermions [40, 41], which
were introduced in the context of lattice gauge theories to by-
pass the fermion-doubling problem [42]. For periodic bound-
ary conditions, this model leads to a couple of bands that dis-
play a pair of massive Dirac fermions with different Wilson
masses m0,mpi at momenta kD ∈ {0,pi} [43]. For open bound-
ary conditions, a pair of zero-energy modes exponentially lo-
calised to the left/right edges of the ladder appear as one of the
Wilson masses gets inverted (mpi < 0) when tv < 2tdiag. Con-
sidering the bulk-boundary correspondence discussed in the
introduction, these edge states resemble the holographic liquid
of the higher-dimensional topological insulators. In fact, the
change in polarisation of the system can be characterised by a
topological invariant [44], the so-called Zak’s phase [45], such
that the appearance of these zero-energy modes coincides with
a non-vanishing topological invariant, and the Creutz ladder
yields a symmetry-protected topological phase in this regime.
As discussed below, for θ = pi/2, this topological phase cor-
responds to a BDI topological insulator.
Since the objective of this work is to study correlation ef-
fects, we now consider the simplest possible Hubbard interac-
tions between the spinless fermions
HH =∑
i
∑`
(
Vhni,`ni+1,`+
Vv
2
ni,`ni, ¯`
)
, (2)
where Vh (Vv) are the density-density interaction strengths be-
tween fermions residing in neighbouring sites along horizon-
tal (vertical) bonds of the ladder, and we have introduced the
fermion number operators ni,` = c
†
i,`ci,`.
`= u
`= d
tdiag tv
t`
2q
e`
a
b
`= u
`= d
t`
t`
t`
tdiag
e`
2q
Figure 2: Standard and imbalanced Creutz ladder: Two-leg
ladder where fermions tunnel along the black links enclosing a net
flux 2θ along a closed plaquete: (a) standard Creutz ladder (1), and
(b) imbalanced Creutz ladder, which leads to Eq. (4) in the pi-flux
limit.
For reasons that will become clear in the cold-atom im-
plementation discussed in Sec. IV, in the following we will
deal with a variant of the Creutz Hamiltonian: (i) we shall
substitute the vertical tunnelling by an energy imbalance be-
tween the legs of the ladder εu = ∆ε/2 =−εd, which changes
the symmetry class of the topological insulator for θ = pi/2
from BDI to AIII; (ii) we limit the interaction terms (2) to the
anisotropic regime Vh = 0; (iii) we set the amplitude of the di-
agonal hopping equal to the one along the legs (|tdiag|= |t`|=
t˜) and finally (iv) we fix the phases in order to get a net pi-flux
through the plaquettes. The resulting Hamiltonian (see Fig. 2
(b)), which we will refer to is the imbalanced Creutz-Hubbard
Hamiltonian, is
HpiCH = HpiC+VHubb, HpiC = HFB+Vimb, (3)
where we have introduced the kinetic term
HFB =∑
i,`
(
−t˜c†i+1,`ci, ¯`+ is`t˜c
†
i+1,`ci,`+H.c.
)
(4)
with su/d = ±1. This term leads to a pair of flat bands, and a
couple of zero-energy topological edge states. The remaining
terms
Vimb =∑
i,`
∆ε
2
s`ni,`, VHubb =∑
i,`
Vv
2
ni,`ni, ¯`, (5)
contain the Hubbard interactions and the energy imbalance,
which can have non-trivial effects on the flat-band physics,
and induce a phase transition to other non-topological phases
of matter. In the following section, we present a new formal-
ism to understand such transitions.
We are encouraged to study this imbalanced Creutz-
Hubbard ladder both for experimental and theoretical reasons
that will be discussed in detail in the forthcoming sections. In
particular, let us advance that this model shares topological
properties with the original Hamiltonian (1). In particular, the
Dirac fermions now occur at kD ∈ {−pi/2,pi/2}with different
Wilson masses m±pi/2. Provided that ∆ε < 4th = 4td, the mass
mpi/2 < 0 gets inverted, and we obtain analogous topological
4features and exponentially-localised edge states. The choice
of the anisotropic regime Vh = 0 is motivated by the use of
ultracold fermionic atoms in optical lattices with contact in-
teractions. Exploring also the regime of Vh > 0 would require
situations where the atoms have longer-range interactions.
Previous studies on related models
With the model under study been defined, let us comment
on some relevant literature, and advance some comments in
relation to our results. The standard Creutz ladder (1) filled
with bosons has been studied in Refs. [46, 47], which includes
on-site Hubbard interactions instead of the nearest-neighbour
terms of Eq. (2). The focus of these two articles was the ap-
pearance of pair superfluids due to the interplay of interac-
tions and frustration flat-band effects [48]. A useful formalism
was introduced in these works, which consisted on the pro-
jection of the Hamiltonian onto the lowest-energy flat band
by introducing highly-localised Wannier functions. More-
over, using a unitarily-equivalent formulation of the Creutz-
ladder Hamiltonian introduced in Ref. [47] would lead to a
spin-orbit coupled Hubbard model with staggered energy im-
balance in our case (3), which might broaden the relevance
of our results beyond the ladder compound of Fig. 2. The
standard Creutz ladder (1) populated by spinful fermions with
on-site interactions between opposite spins has been studied
recently in Ref. [49], which focused on an exact Bardeen-
Cooper-Schrieffer description for attractive Hubbard interac-
tions. To the best of our knowledge, the standard Creutz lad-
der with spinless fermions has only been studied previously
in Ref. [50]. Here, the emphasis was placed on an addi-
tional superconducting s-wave pairing, and its interplay with
the repulsive Hubbard interactions, which leads to an interest-
ing Creutz-Majorana-Hubbard ladder. The limit of vanishing
pairing, which corresponds to the standard Creutz-Hubbard
model with the vertical tunneling (1) instead of the imbal-
ance (5), and leads to the aforementioned BDI topological
insulator, was only touched upon briefly by numerical mean-
field and density-matrix renormalisation group studies. These
results pointed towards the possibility of a phase with in-plane
ferromagnetic order as the interactions are increased.
To the best of our knowledge, the effect of Hubbard inter-
actions in the imbalanced Creutz ladder (3), and more gen-
erally on AIII topological insulators, remains largely unex-
plored. In relation to the above studies on related models, we
show below that one cannot project onto a single flat band for
the fermionic model, but must instead retain all flat bands and
edge modes to account for correlation and topological effects
accurately. In this way, we shall make interesting connections
between the existence of topological phase transitions and the
physics of quantum impurity models. Additionally, by going
beyond a mean-field analysis in the strong-interaction limit of
the imbalanced model (3), we show analytically that in-plane
ferromagnetic order also arises in our model, and moreover
corresponds to the symmetry-broken phase of an orbital quan-
tum Ising model. In addition, we illustrate that the imbalance
drives such Ising model into a orbital paramagnetic phase.
III. TOPOLOGICAL QUANTUM PHASE TRANSITIONS
The following subsections are devoted to the construction
of the phase diagram shown in Fig. 1. We start by discussing
the solution of the non-interacting imbalanced Creutz lad-
der, and the appearance of flat bands and fully-localised edge
states in the Hamiltonian (4) (see Sec. III A). This corresponds
to the vertical axis of the phase diagram. In Sec. III B, we ex-
amine the weakly-interacting regime and show that the model
maps onto a pair of weakly-coupled Ising chains, which can
be studied through a mean-field analysis (i.e. the region in the
vicinity of the vertical axis of Fig. 1). In Sec. III C, we study
the opposite limit of very strong interactions (i.e. rightmost
region of Fig. 1), and discuss the possible non-topological or-
bital magnetic phases that can arise. In Sec. III D, we explore
the intermediate regime, and show that the effect of the inter-
actions and imbalance leads to edge-bulk couplings that can
be mapped onto quantum impurity models. This new perspec-
tive yields a neat picture underlying the destabilisation of the
topological phase in favour of the orbital magnets. These dif-
ferent methods allow us to build an analytical prediction of
the phase diagram of the model. Finally, in Sec. III E, we
test numerically the above predictions, and provide a detailed
study of the phase diagram by means of Matrix-Product-State
numerical simulations. Scattered through these sections, we
shall also introduce comments on possible experimental tools
to measure the relevant observables for the different phases of
the model, which will become relevant for the specific exper-
imental cold-atom proposal discussed in Sec. IV.
A. Non-interacting limit: Flat bands and edge states
We start by solving the kinetic part (4) of the pi-flux Creutz-
Hubbard Hamiltonian (3). For periodic boundary condi-
tions, and after introducing the spinor Ψ(q) = (cu(q),cd(q))t
for the fermion operators in momentum space c`(q) =
∑i e−iqaici,`/
√
N, one finds
HFB = ∑
q∈BZ
Ψ†(q)B(q) ·σ Ψ(q), (6)
where σ = (σx,σy,σz) is the vector of Pauli matrices, and
B(q) = 2t˜(−cos(qa),0,sin(qa)). By direct diagonalization,
one finds that the system develops two flat bands ε± :=
ε±(q) = ±2t˜, where q ∈ BZ = [−pi/a,pi/a) is the quasi-
momentum, and the lattice constant shall be set to a = 1
henceforth. The vanishing group velocity associated with
these bands, vg = ∂qε±(q) = 0, indicates that the groundstate
must be insulating, regardless of the particular filling. This
can be considered as a new type of insulator, namely a flat-
band insulator, which corresponds neither to the usual band
insulator, nor to the Mott insulators. It shares some proper-
ties with the former (i.e. no correlations), and with the latter
(i.e. localized fermions), but it differs from both insulators in
the large degeneracy of the ground state, except for half-filling
conditions.
On top of this, the flat bands are also topological: the diago-
nalization of the discrete chiral symmetry σy (s.t. σyH(q)σy =
5−H(q), with H(q) = B(q) ·σ ) puts the Hamiltonian (6) in a
purely off-diagonal form, with elements Bx± iBz; its complex
phase gets a non-trivial winding numberW = sgn(t˜) 6= 0 [52].
Equivalently, we could consider the eigenvectors |ε±(q)〉 ∝(
(Bx+ iBz)1/2,±(Bx− iBz)1/2
)t
and realize that they exhibit
a uniform Berry connection A±(q) = i〈ε±(q)|∂q|ε±(q)〉= 12 .
The uniform Berry connection leads to a finite Zak’s phase,
which is defined [45] as
ϕZak,± =
∫
BZ
dqA±(q) (7)
and equals ϕZak,± = pi for our topological flat bands. This
Zak’s phase pinpoints the topological properties of the bands,
and can be connected to a macroscopic observable: the polar-
ization of the system [44].
Interestingly enough, the Creutz ladder displays an infinite
flatness parameter without requiring long-range tunnelings,
as necessary in higher-dimensional models of topological flat
bands [53]. From this perspective, switching on the leg imbal-
ance ∆ε > 0 in Eq. (5) leads to some curvature in the energy
bands
ε±(q) =±ε(q) =±2t˜
√
1+ f−2+2f−1 sinq, (8)
where we have introduced the flatness parameter f = 4t˜/∆ε ,
which becomes infinite for vanishing imbalance. The pres-
ence of the imbalance also drives the system out of the BDI
class and into the AIII class [11], since Bz(q) =∆ε/2+2t˜ sinq
acquires a mixed parity under k↔−k and therefore no effec-
tive time-reversal (UT H(−q)∗U†T = +H(q)) or particle-hole
(UCH(−q)∗U†C = −H(q)) operators can be found. Anyway,
the discrete chiral symmetry is still described by σy and the
whole procedure described above can be employed. The Berry
connection of the bands becomes non-uniform due to their
curvature
A±(q) =
1+ f−1 sinq
2(1+ f−2+2f−1 sinq)
, (9)
which leads to the following Zak’s phase ϕZak,± = piθ(f−1),
where θ(x) is the Heaviside step function. Hence, the Zak’s
phase yields topological effects provided that the bands are
sufficiently flat, i.e. f > 1. Conversely, when ∆ε > 4t˜, the
curvature of the bands is large, i.e. f < 1, and no topological
phenomenon occurs. We note that this point ∆ε = 4t˜ is ex-
actly the regime where one of the fermionic Wilson masses
vanishes, as mentioned in the previous section in connection
to the domain-wall fermions of lattice gauge theories. This
marks a quantum phase transition between the AIII topologi-
cal insulator and a trivial band insulator, as shown in the ver-
tical axis of Fig. 1.
Regarding cold-atom experiments, we note that the Zak’s
phase has been measured for another paradigmatic topologi-
cal insulator in 1D: the Su-Schrieffer-Heeger model of poly-
acetilene [38]. In this non-interacting limit, the Zak’s phase
is a single-particle property of the topological bands, and
can be thus measured by a Ramsey interferometric proto-
col that exploits Bloch oscillations of single-particle initial
states [39]. This measurement scheme has been generalised
to other topological insulators [54], and can also be applied to
the cold-atom implementation of the Creutz ladder considered
in Sec. IV.
To have an alternative view on these topological features,
let us introduce the so-called Aharonov-Bohm cages [55],
which will also become very useful once interactions are
switched on. In the pi-flux Creutz ladder (4), the fermions
cannot tunnel two sites apart due to the Aharonov-Bohm ef-
fect [36] (see Fig. 3(a)). One can thus find single-particle
eigenstates strictly localised in cages formed by simple square
plaquettes (see Fig. 3(c)). In second quantisation, such
Aharonov-Bohm cages (AB-c) with energies ε± =±2t˜ are
|+2t˜〉i = w†i,+|0〉, w†i,+ =
1
2
(
ic†i,u+ c
†
i,d− c†i+1,u− ic†i+1,d
)
,
|−2t˜〉i = w†i,−|0〉, w†i,− =
1
2
(
ic†i,u+ c
†
i,d+ c
†
i+1,u+ ic
†
i+1,d
)
,
(10)
with i ∈ {1, . . .N} for periodic boundary conditions, where
one identifies cN+1,` = c1,`. Conversely, for open boundary
conditions, these square AB-c can only be defined for i ∈
{1, . . . ,N−1}, and simple counting shows that there are only
2(N − 1) possible states that can be accommodated in such
flat bands. The two missing states are zero-energy modes,
εl = εr = 0, fully localised at the boundaries
|0〉L = l†|0〉, l† = 1√
2
(
c†1,u+ ic
†
1,d
)
,
|0〉R = r†|0〉, r† = 1√
2
(
c†N,u− ic†N,d
)
.
(11)
For these particular weights, the fermions cannot tunnel one
site apart due to the Aharonov-Bohm effect (see Fig. 3(a)),
and are thus localised within a boundary AB-c (see Fig. 3(b)),
which corresponds to an edge state within the bulk-edge cor-
respondence of the topological insulator.
We can finally express the pi-flux Creutz Hamiltonian (3)
for open boundary conditions as
HFB =
N−1
∑
i=1
∑
α=±
εαw†i,αwi,α + ∑
η=l,r
εηη†η . (12)
Although generic fillings can lead to a variety of interesting
phases in the presence of interactions, potentially connected
to fractional topological insulators [53], we shall only be con-
cerned in this work with half-filling, i.e. N fermions, where
the groundstate of Eq. (12) is two-fold degenerate
|εg,L〉NI = l†w†1,−w†2,− · · ·w†N−1,−|0〉,
|εg,R〉NI = r†w†1,−w†2,− · · ·w†N−1,−|0〉,
(13)
and the groundstate energy is
εg,L = εg,R =−2t˜(N−1). (14)
We thus see that the groundstate degeneracy corresponds to
the two possible choices in populating either of the zero-
energy edge modes, and it is related to the topology of the
ladder (i.e. ring versus line with open edges).
6p
a c
p
0
p
p
0
i/2
1/2
1/2
i/2
e = 2t˜e =+2t˜
i/2  1/2
1/2  i/2
el = 0 er = 0
1/
p
2
i/
p
2
1/
p
2
 i/
p
2
0
0
+it˜
 t˜ t˜
+it˜
+it˜
+it˜
 t˜ t˜
b
Figure 3: Aharonov-Bohm cages in the Creutz ladder: (a) Considering the tunnelling paths in the Creutz ladder (4), one can identify two
type of rhombic plaquettes that enclose a synthetic pi-flux (left). Therefore, a particle trying to tunnel two sites apart (middle) will be subjected
to a destructive Aharonov-Bohm interference that forbids this process. Accordingly, particles are confined to the so-called Aharonov-Bohm
cages and cannot spread through the entire lattice. These cages correspond to square plaquettes, except at the edges (b), where destructive
interference can also be found for a particle trying to tunnel one site apart (right). (c) Aharonov Bohm cages with the relative amplitudes for a
single-particle state in two possible flat bands, and in the two possible zero-energy edge modes.
The effects of the leg imbalance ∆ε > 0 in (5) can be un-
derstood from this edge perspective by writing
Vimb =
N−1
∑
i=2
timb
(
w†i−1,+−w†i−1,−
)(
wi,++wi,−
)
+ ∑
α=±
√
2timb
(
−l†w1,α − iαr†wN−1,α
)
+H.c.,
(15)
where timb =−i∆ε/4 is an effective tunnelling induced by the
imbalance, and has two relevant effects. The first line de-
scribes the hopping of fermions in neighboring AB-c, which
leads to the aforementioned curvature of the bulk energy
bands (8). The second line represents the hopping between
the topological edge modes and the bulk AB-c. As discussed
in more detail in Sec. III D, both terms conspire to induce a
broadening of the edge modes in the regime 4t˜ ≤ ∆ε , which
is the regime where the topological Zak’s phase (7) vanishes,
signaling an imbalance-induced topological phase transition.
We also note that, precisely at the point 4t˜ = ∆ε , the bulk
bands become ε±(q) = ±2t˜(1+ sinq), and the gap vanishes
exactly at q =−pi/2, which coincides with the momentum of
the massless Wilson fermion.
Regarding cold atoms, previous experiments on synthetic
two-leg ladders subjected to artificial gauge fluxes, where the
diagonal inter-leg tunneling in Eq. (1) is substituted by a ver-
tical one, have measured non-vanishing chiral currents circu-
lating in opposite directions along each leg of the ladder [56].
These states are connected to the edge states of the Hofstadter
model as the number of legs is increased [56, 58], but the bulk
and edges coincide in the limiting case of the two-leg ladder.
The situation is different for the two-leg Creutz ladder, as the
edge states are not extended along the legs of the ladder, but
exponentially localised to the left- and right-most rungs (11).
We note that observing the particular localisation in Eq. (11)
would require implementing a box confining potential, which
have already been achieved in several cold-atom experiments
for bosonic gases [57]. However, we note that for milder con-
fining potentials, one expects that the edge states will remain
to be confined in the boundaries of the system, provided that
the confining potential increases at least quadratically with the
distance to the center of the trap [59].
According to the above discussion, no additional legs
would be required to identify the difference between edge and
bulk excitations in the Creutz ladder, such that detecting the
presence of zero-energy modes localised at the edges would
be a proof of the topological nature of the phase. Using a
pair of laser beams with a frequency difference that can be
scanned within the edge-bulk gap |ωL,1 −ωL,2| < 2t˜, and a
spatial profile that can be localised to a few sites from the left-
and right-most rungs of the ladder, the associated Bragg sig-
nal due to Raman excitations can detect the presence of these
localised zero-modes, provided that the atomic gas is confined
in a box potential. This method is analogous to the situation
in higher-dimensional topological insulators [60], where addi-
tional angular momentum of the laser beams can be exploited
to probe the chirality of the edge modes and improve the
measurement resolution [59]. For milder confinement poten-
tials, non-topological states might also happen to be localised
within the edges of the system [60]. In Reference [59], the
authors show that the Bragg scheme can be adapted to dis-
tinguish the chirality of the localized edge states of a higher-
dimensional topological insulator, and thus differentiate them
from the non-topological states, probing in this way the topo-
logical nature of the phase. It would be interesting to explore
analog techniques to differentiate the edge states (11) of the
Creutz ladder from spurious states that would arise if no box
potential is implemented.
B. Weak interactions: Quantum Ising ladder
Let us now address the fate of this topological phase as
the Hubbard repulsion is switched on. We start by exploring
the weakly-interacting regime t˜  Vv, and by noting that the
two representations of the non-interacting imbalanced model
7HpiC = HpiC(t˜,∆ε) (3), both in the original (Eqs. (1) and (2))
and in the plaquette (Eqs. (12) and (15)) bases, are dual to
each other. In particular, the mapping between spinors
Ψi = (ci,u,ci,d)t→Wi = e−i pi4 σ
z
i (wi,+,wi,−)t, (16)
induces a duality transformation HpiC(t˜,∆ε)→ ∆ε4t˜ HpiC
(
t˜, 16t˜
2
∆ε
)
with a self-dual point ∆ε =(4t˜)2/∆ε corresponding to the pre-
vious critical point ∆ε = 4t˜.
Such a duality is reminiscent of the one occurring in the
quantum Ising model (QIM) [65], and suggests a possible
equivalence between both models. Indeed, a formal equiva-
lence is found by introducing the following rung operators
r j,1 =
i j√
2
(
ic j,u+(−1) jc†j,d
)
,
r j,2 =
i j√
2
(
c j,u+ i(−1) jc†j,d
)
.
(17)
Under this canonical transformation, the Hamiltonian is trans-
formed onto
HpiC =− t˜∑
j
∑
n=1,2
(
r†j,nr j+1,n+ r
†
j,nr
†
j+1,n+H.c.
)
+
+
∆ε
4 ∑j ∑n=1,2
(
2r†j,nr j,n−1
)
.
(18)
In this particle-hole rung basis (17), we identify two inde-
pendent subsystems which no longer display particle-number
conservation, but instead have parity conservation. A Jordan-
Wigner transformation [66], namely
r†j,n =∏
i< j
(−σ zi,n)σ+j,n = (r j,n)†, r†j,nr j,n = 12σ zj,n+ 12 , (19)
reveals the Ising nature of the two subsystems, and leads to
a Hamiltonian that can be understood as a two-leg quantum
Ising ladder
HpiC =∑
j
∑
n=1,2
(
−t˜σ xj,nσ xj+1,n+
∆ε
4
σ zj,n
)
. (20)
For open boundary conditions, this description allows an al-
ternative interpretation of the edge-state behaviour by writing
the Ising model as a Kitaev-Majorana chain [9]. The ferro-
magnetic regime is associated with two uncoupled Majorana
zero-energy modes on the opposing edges of the system for
each of the legs of the Ising ladder. Combining the two free
Majoranas on either edge of the Ising-ladder then yields the
local fermionic edge modes defined in Eq. (11). This contrasts
the case of a single Majorana chain, where the fermionic zero
mode is highly non-local since it can only be built from the
Majoranas at the opposite edges of the chain.
Let us turn on the interactions, and express the weak Hub-
bard repulsion in terms of these rung operators
VHubb =
Vv
4 ∑j
(
ir†j,1r j,2+H.c.
)
−Vv
4 ∑j
[(
1−2r†j,1r j,1
)(
1−2r†j,2r j,2
)−1]. (21)
These terms introduce a coupling between the two legs of the
quantum Ising ladder. If we restrict to half-filling in the orig-
inal model, the tunneling term vanishes, and we are left with
the quartic interactions. These in turn can be expressed in
terms of spin-spin interactions that couple the two legs of the
ladder
VHubb =−Vv4 ∑j
σ zj,1σ
z
j,2+ const. (22)
For weak interactions, Vv∆ε, t˜, we can treat the influence
of one Ising chain on the remaining one with a mean-field
approximation
HpiCH ≈∑
j,n
(
−t˜σ xj,nσ xj+1,n+
∆ε−Vvmn¯(∆ε,Vv, t˜))
4
σ zj,n
)
,
(23)
where we have introduced the transverse magnetization
mn¯(∆ε,Vv, t˜) = 〈σ zj,n¯〉 for each leg of the ladder, and n¯ = 2,1
for n = 1,2. We thus observe a renormalization of the imbal-
ance parameter that controls the transverse field of the Ising
model, and thus leads to a shift of the critical point as the in-
teraction strength Vv increases.
Accordingly, the topological phase of Sec. III A survives
in a finite region of parameter space as the interactions
are switched on. We find this region by solving the self-
consistency mean-field equations by iterating
mn(∆ε,Vv, t˜) = M
(
∆ε−Vvmn¯(∆ε,Vv, t˜)
4t˜
)
(24)
to convergence. In this equation, we have used the exact ex-
pression of the ground-state transverse magnetization in the
QIM [67], namely
M(α) =
{
2(1−α2)
piα (Π(α
2,α)−K(α)) for α < 1,
2(α2−1)
piα2 Π(1/α
2,1/α) for α > 1,
(25)
where we have introduced the complete elliptic integrals of
the first and third kind, namely
K(k) =
∫ pi
2
0
dθ
1√
1− k2 sin2 θ
, (26)
Π(n,k) =
∫ pi
2
0
dθ
1
(1+nsin2 θ)
√
1− k2 sin2 θ
. (27)
The self-consistent mean-field approximation reproduces
very precisely the numerical results for the density imbalance
of the Creutz ladder
∆n =
1
N∑i
(
c†i,uci,u− c†i,dci,d
)
=
1
2N∑j ∑n
σ zj,n. (28)
In Fig. 4, we compare the groundstate density imbalance 〈∆n〉
with the mean-field transverse magnetization m1(∆ε,Vv, t˜) =
8m2(∆ε,Vv, t˜), and find a very good agreement even for consid-
erable interactions Vv ∼ t˜.
If we solve the self-consistency equation to first order in
Vv/t˜, we find that the critical point ∆ε/t˜ = 4 flows towards
smaller values of the imbalance as the interactions increase
∆ε
t˜
= 4− 2
pi
Vv
t˜
+O
(
V 2v
t˜2
)
. (29)
This weak-coupling expansion defines a critical line in param-
eter space that separates the topological and non-topological
phases, and agrees well with our numerical findings for the
phase diagram of the model, as discussed below (see the red
dashed line in Fig. 1).
Regarding the cold-atom experiment, we note that the def-
inition of the Zak phase (7), which could be used to probe
the topological nature of the phase via interferometric meth-
ods [54], is only valid in the non-interacting limit. For weak
interactions, the single-particle excitations will be described
instead by quasi-particles, and the interferometric protocol to
measure a many-body Zak’s phase can be obtained by cou-
pling additional impurities to the interacting Fermi gas [68].
We also note that the method to detect the zero-energy edge
modes based on Bragg scattering [60], should also hold in the
interacting regime. Finally, we advance that a measurement
of the leg imbalance density (28) could also be used to ex-
perimentally test the validity of our prediction of the critical
line (29) (see Sec. III E). Concerning the mapping in Eq. (78),
this leg imbalance can be inferred from spin-resolved den-
sity measurements obtained by optical imaging, either in-situ
(dispersive imaging) or after a time-of-flight expansion (ab-
sorption imaging). Exploiting light polarization and selec-
tion rules for the particular internal states of the atoms, one
could measure separately the density of each of the two com-
ponents, and even spin structure factors [61] that give access
to the leg-imbalance susceptibility. Note that this suscepti-
bility can be used to extract the position of the critical line
(see top panel of Fig. 6). Regarding in-situ absorption imag-
ing, spin-selective density measurements and correlations can
also be accomplished [62]. As alternative possibilities, the
spin structure factor could be measured in a non-demolition
manner by exploiting a quantum Faraday effect [63], while
spin-resolved density measurements can be achieved by using
recent quantum gas microscopes (see e.g. [64]).
C. Strong interactions: Orbital Ising ferromagnet
In this section, we explore the opposite limit of the Creutz-
Hubbard ladder (3), namely the strongly-interacting regime
t˜  Vv. In the limit t˜ = 0, the groundstate of the Creutz-
Hubbard Hamiltonian corresponds to a Mott insulator where
the N fermions are distributed in the ladder avoiding simulta-
neous occupancies of two sites within the same rung.
By switching on the tunnelling t˜Vv, an orbital analog of
the well-known super-exchange [69–72] takes place, which
reduces the energy of the groundstate by allowing for pro-
cesses where a rung of the ladder is virtually occupied by two
fermions. Instead of the usual Heisenberg model associated to
0
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Figure 4: Exact density imbalance and mean-field magnetiza-
tions: In blue solid lines, we present the ground-state density im-
balance 〈∆n〉 for systems with Vv/t˜ = 1,2,3,4 (from bottom to top)
as determined numerically by means of a Matrix-Product-State al-
gorithm for a ladder with L = 256 sites. In red dashed lines, we
show the mean-field magnetisations m1(∆ε,Vv, t˜) = m2(∆ε,Vv, t˜) of
the coupled Ising chains. The agreement 〈∆n〉 ≈ 12 (m1(∆ε,Vv, t˜)+
m2(∆ε,Vv, t˜)) is reasonable even for considerably large interaction
strengths. The green curve shows as a reference the magnetization of
the non-interacting model M(∆ε/4t˜).
the strongly-interacting Hubbard model [69], a different spin
model arises in the present case due to the combination of
intra- and inter-leg tunnellings. To second order of perturba-
tion theory [73], and considering the half-filling regime, the
relevant Hamiltonian describing the low-energy physics cor-
responds to an orbital quantum Ising model, namely
PrHpiCHPr = 14 JN+ J∑i T
y
i T
y
i+1+∆ε∑i T
z
i , (30)
where the super-exchange coupling is J = −8t˜2/Vv, and the
leg imbalance ∆ε plays the role of an effective transverse field.
The above spin operators are defined as the orbital analogue
of the usual spin operators for electrons
T yi =
1
2
(
−ic†i,uci,d+ ic†i,dci,u
)
, T zi =
1
2
(
c†i,uci,u− c†i,dci,d
)
.
(31)
Finally, Pr = Πi(1− ni,uni,d) is a Gutzwiller projector onto
the subspace of singly-occupied vertical rungs.
The 1D quantum Ising model can be exactly solved [74]
by introducing a Jordan-Wigner transformation [66], followed
by a fermionic Bogoliubov transformation [75]. In compari-
son with the non-interacting groundstate (13), which displays
a topological two-fold degeneracy, the strongly-interacting
groundstate for ∆ε < |J|/2 has a non-topological degeneracy
related to the Z2 symmetry of the Ising model. In this regime,
the groundstate develops long-range order as a consequence
of spontaneous symmetry breaking
limr→∞〈T yi T yi+r〉SI = 14
(
1−h2) 14 , (32)
where h = 2∆ε/|J|< 1. This defines a critical line
∆ε
t˜
=
4t˜
Vv
, (33)
9that separates the phase of long-range order, i.e. an orbital
ferromagnet (oFM), from the disordered phase, i.e. an orbital
paramagnet (oPM), and is depicted by a yellow dashed line
in Fig. 1. As the leg imbalance is increased above a critical
value ∆εt˜ |c = 4t˜Vv , a standard quantum phase transition occurs
between the long-range ordered Ising ferromagnet and a dis-
ordered orbital paramagnet, where all fermions tend to occupy
the lower leg of the ladder. We note that this transition is not
of a topological origin, as it can be understood by a local order
parameter: the orbital magnetisation 〈T yi T yi+r〉SI→ m2y .
We also note that the long-range ferromagnetic order
is totally absent in the non-interacting topological ground-
state (13), where one finds
〈T yi T yi+r〉NI = 0. (34)
According to this discussion, it is clear that one cannot con-
nect the non-interacting topological and strongly-interacting
ferromagnetic phases adiabatically. Therefore, there should
be an interaction-induced topological quantum phase transi-
tion between the symmetry-protected topological phase, and a
state with magneto-orbital long-range order, for intermediate
interactions Vv/t˜. Our analytical treatment of the strongly-
interacting regime also points to the possible origin of in-
plane ferromagnetic order in the Creutz-Hubbard ladder with
vertical tunnelings (1) instead of the imbalance, as recently
found through a mean-field and numerical analysis [50]. Sim-
ilar topological quantum phase transitions to magnetically-
ordered phases have also been found numerically in higher-
dimensional models [17].
Concerning the cold-atom realization, we note that the or-
bital spin operators (31) developing the long-range order (32)
in the orbital ferromagnet, correspond to the standard spin op-
erators for the two internal states of the atoms (78). There-
fore, the magnetic correlations can be inferred from the spin
structure factor, which can be measured for instance via
Bragg scattering by playing with the polarization of the laser
beams [61]. This can allow to test experimentally the validity
of the critical line (33).
D. Intermediate interactions: Extended Hubbard models and
quantum impurity physics
In this section, we elaborate on a theory that allows us
to predict this interaction-induced topological quantum phase
transition by making an interesting connection to the physics
of quantum impurity models. We start by expressing the Hub-
bard part of the Hamiltonian (5) in the basis of the bulk (10)
and edge (11) Aharonov-Bohm cages (AB-c). A similar step
has been performed by rewriting the bosonic Creutz-Hubbard
model in terms of the bulk negative-energy AB-c [46, 47].
This corresponds to a projection onto the low-energy flat band,
which is justified for t˜Vv, and is also customary in the the-
ory of fractional topological insulators [53]. In our case, how-
ever, it will be crucial to retain the positive- and zero-energy
AB-c to capture the topological phases, and the possible quan-
tum phase transitions that take place in the regime t˜ ∼Vv.
In this basis, we find an extended Hubbard model
VHubb =Vnn+Vpt+Vdt, (35)
with a nearest-neighbour interaction between fermions con-
fined in adjacent AB-c
Vnn =
Vv
2 ∑α=±
(nln1,α +nrnN−1,α)+
Vv
4
N−1
∑
i=2
∑
α,β=±
ni−1,αni,β ,
(36)
where the AB-c number operators are ni,α = w
†
i,αwi,α for
α ∈ {+,−}, and nη = η†η for η ∈ {`,r}. This effective
repulsion between the fermions can be depicted in a new lad-
der scheme, where the legs of the ladder correspond to the
positive/negative energy flat bands, the sites correspond to the
labels of the different bulk cages, except at the boundaries of
the ladder, where the sites correspond to the edge cages (see
Fig. 5). All the possible interactions, including the ones at
the edges, are represented by curly lines. We also include the
nearest-neighbour intra- and inter-leg tunnelling, which arises
from interpreting the imbalance (15) within this virtual ladder.
In addition to this effective tunnelling and repulsion, we
also find correlated tunnelling processes of two types. We
obtain a pair-tunnelling Hamiltonian
Vpt = J˜
N−1
∑
i=2
(
w†i−1,+wi−1,−
(
w†i,−wi,++w
†
i,+wi,−
))
+H.c.
(37)
where J˜ = −Vv/4. The first term in the parenthesis describes
how fermions confined in adjacent AB-c of opposite legs tun-
nel simultaneously to empty neighbouring cages, and can be
understood as the anti-correlated pair-tunnelling of Fig. 5.
The second term describes how fermions confined in adjacent
Aharonov-Bohm cages on the same leg tunnel simultaneously
to empty neighbouring cages, and can be understood as the
correlated pair-tunnelling of Fig. 5. In addition, we also ob-
tain an inter-leg density-dependent tunnelling
Vdt = Td
N−1
∑
i=2
(ni−1,++ni−1,−−ni+1,+−ni+1,−)w†i,+wi,−
+2Td
(
nlw
†
1,+w1,−−nrw†N−1,+wN−1,−
)
+H.c.,
(38)
where Td = Vv/4 is the tunneling strength. The first line de-
scribes an inter-leg tunnelling within the bulk of the ladder
that depends on the density difference of the neighbouring
Aharonov-Bohm cages, and will be negligible for a ground-
state with translationally-invariant bulk properties. On the
other hand, the second line describes inter-leg tunnelings that
occur at the boundaries of the Creutz-Hubbard ladder, and
depend on the density of the edge AB-c (see Fig. 5). These
terms are not negligible for translational-invariant bulks, and
will play a key role in the topological phase transitions of the
model.
As shown in this section, the flat-band physics of the
Creutz-Hubbard ladder provides an alternative route to the
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Figure 5: Non-standard Hubbard terms in the Aharonov-Bohm-cage basis: Virtual ladder structure to represent the relevant processes in
the Creutz-Hubbard ladder. The two legs of the ladder correspond to the two possible flat bands at energies ε± =±2t˜, with sites representing
the bulk Aharonov-Bohm cages (10). The two boundary sites represent the two zero-energy modes εl = εr = 0, and their corresponding edge
cages (11). The imbalance of the original Creutz-Hubbard ladder (15) leads to standard intra- and inter-leg tunnelling, but also to edge-bulk
tunnelling processes represented by curved arrows and with strengths proportional to timb. The Hubbard interaction (35) can be decomposed
into nearest-neighbour interactions of strength proportional to Vv that are represented by curly lines, and involve two adjacent bulk cages in any
possible leg, or adjacent edge-bulk ones. Non-standard Hubbard terms involving a pair tunnelling also arise, where pairs of fermions tunnel
simultaneously either from the same leg (correlated tunnelling) or from opposite legs (anti-correlated tunnelling) of the ladder with amplitude
J˜. Finally, we also describe a density-dependent inter-leg tunnelling of amplitude amplitude Td, where the fermion tunnelling depends on the
density of fermions populating the Aharonov-Bohm cage at the neighbouring edge.
physics of non-standard Hubbard models, which typically
arise in optical lattices as a consequence of dipolar interac-
tions or higher orbitals [76]. In the present case, these non-
standard terms arise due to the interplay of interactions and
the flatness of the bands, which yield
HpiCH = HFB+Vimb+Vnn+Vpt+Vdt, (39)
with the terms introduced in Eqs. (12), (15), and (36)-(38). At
first sight, this formulation leads to a Hamiltonian (39) that
seems more complicated than the original one (3). However,
as shown below, it is an ideal starting point to calculate an ef-
fective boundary theory for the topological edge states, based
on which one can understand possible topological phase tran-
sitions as the imbalance and/or interactions are increased.
1. Bulk-mediated broadening and edge-to-edge tunnelling
As a warm-up to the discussion of the model for inter-
mediate interactions, let us discuss how to derive an effec-
tive boundary theory in the non-interacting limit Vv = 0. In
Sec. III A, we have already discussed how the imbalance (15)
may induce a quantum phase transition at ∆εt˜ |c = 4 that can
be understood through a topological invariant (7) of the bulk
bands. We now discuss how an effective boundary theory, de-
rived via the above non-standard Hubbard Hamiltonian (39),
yields an alternative description of such a phase transition.
The Hamiltonian (3) can be rearranged as follows HpiC =
Hedge+Hbulk+Hb−e, where
Hedge = εl l†l + εrr†r , (40)
stands for the Hamiltonian of the zero-energy edge modes.
The bulk part of the Hamiltonian can be expressed as follows
Hbulk =∑
i,α
εαw†i,αwi,α+
N−1
∑
i=2
timb(w
†
i−1,+−w†i−1,−)(wi,++wi,−),
(41)
which is readily diagonalised by a Fourier transform consid-
ering periodic boundary conditions wN,α = w1,α . This leads
to the energy bands in Eq. (8), where the quasi-momentum
lies in the Brillouin zone q ∈ (−pi,pi], and there is a total of
2N single-particle modes. To approximately solve the two-leg
Creutz ladder with open boundary conditions, we build on the
solution of an open single chain. We note that the bands in
our ladder fulfill εα(pi2 + q) = εα(
pi
2 − q), which allows us to
combine modes with momenta pi2 ± q to construct AB-c mo-
mentum operators via standing waves that respect the open
boundary conditions of a finite ladder wN,α = w0,α = 0. Note
that the −q solutions of the problem with periodic boundary
conditions are implicitly considered in the +q solutions. To-
gether with the fact that the q = 0,pi modes of the periodic
solution yield trivial standing waves, this forces us to enlarge
the number of sites in the problem with periodic boundary
conditions N− 1→ 2N, such that the allowed momenta be-
come qn = 2piN−1 n→ qn = piN n. The transformation that ap-
proximately diagonalises the bulk Hamiltonian (41) is(
w+(qn)
w−(qn)
)
=
√
2
N
N−1
∑
j=1
e−i
pi
2 j sin(qn j)
(
w j,+
w j,−
)
. (42)
Using these operators, the bulk Hamiltonian for the ladder
with open ends approximately becomes
Hbulk ≈
N−1
∑
n=1
Ψ†(qn)B(qn) ·σ Ψ(qn), (43)
where B(qn) = (0, ∆ε2 cosqn,2t˜ +
∆ε
2 sinqn), and we have in-
troduced new spinors Ψ(qn) = (w+(qn),w−(qn))t. Diagonal-
ising this Hamiltonian leads to the curved energy bands (8),
such that Hbulk = ∑n,α αε(qn)γ
†
α(qn)γα(qn) [77], where we
have introduced
γ+(qn) = +u
∗
qnw+(qn)+ vqnw−(qn),
γ−(qn) =−v∗qnw+(qn)+uqnw−(qn),
(44)
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together with the following constants
uqn =
√
ε(qn)+ζ (qn)
2ε(qn)
, vqn = e
iφn
√
ε(qn)−ζ (qn)
2ε(qn)
, (45)
and ζ (qn) = 2t˜ + ∆ε2 sinqn, e
iφn = −i sgn(cos(qn)). We note
that by using the periodic bulk energies (8), our approxima-
tion is essentially introducing an intensive contribution com-
ing from the added bonds at the ends of the ladder.
Finally, the imbalance (15) also induces a bulk-edge cou-
pling that can be understood as a hybridization between the
edge and bulk orbitals
Hb−e =∑
n,α
(gln,α l
†+grn,αr
†)γα(qn)+H.c.. (46)
To obtain the correct bulk-edge couplings gηn,α , note that the
connection between the solutions of the periodic and open
chains required enlarging the number of sites of the periodic
chain. To preserve the distance between the edges, one must
change the site indexes of operators that form the edge-bulk
coupling (15), and leads to
gln,+ =−
∆ε
2
√
N
sinqn(uqn − vqn),
gln,− =−
∆ε
2
√
N
sinqn(u∗qn + v
∗
qn),
grn,+ =
∆ε
2
√
N
(−i)N−12 sin( 12 qn(N−1))(uqn + vqn),
grn,− =
∆ε
2
√
N
(−i)N−12 sin( 12 qn(N−1))(v∗qn −u∗qn).
(47)
Interestingly, the Hamiltonian of the Creutz ladder in this for-
mulation Hedge +Hbulk +Hb−e is similar to a non-interacting
two-impurity Fano-Anderson model [78], where the impuri-
ties correspond to the modes localised at the edges of the
Creutz ladder, and the gapless metallic bands are substituted
by gapped bulk bands also described by free fermions. This
analogy yields an insightful interpretation of the topological
quantum phase transition at ∆εt˜ |c = 4.
Interpreting the dispersive bulk bands as reservoirs, the hy-
bridisation can have two effects: (i) the zero-energy edge
modes η = l,r may get shifted and broadened εη = 0 →
∆εη − iΓη/2, (ii) the bulk fermions mediate an edge-to-edge
tunnelling. Due to the particle-hole symmetry of the bands,
the level shifts cancel ∆εη = 0, such that the poles repre-
senting the edge excitations always correspond to zero en-
ergy. On the other hand, the broadening can be expressed
as Γη = ∑α Jη ,α(εη), where we have introduced the spectral
density for the coupling of the edge states to the bulk bands
Jηα(ω) = 2pi∑
n
|gηn,α |2δ (ω−αε(qn)). (48)
Accordingly, the broadening of the levels depends on the
value of the spectral function at zero energy Γη = ∑α Jηα(0).
For ∆ε < 4t˜, the bulk bands (8) remain gapped, and thus
Jηα(0) = 0, such that Γl = Γr = 0, and the edge modes thus
remain in-gap bound states. As announced before, there will
be a bulk-mediated tunnelling between these in-gap modes
He−e = teer†l+H.c., (49)
where we have introduced the tunnelling strength
tee =∑
n,α
grn,α
(
gln,α
)∗
αε(qn)
. (50)
Provided that the bulk bands (8) remain gapped, this edge-
edge tunnelling will decrease exponentially with the edge-to-
edge distance, such that the topological degeneracy of the
groundstates (13) is preserved in the thermodynamic limit.
Conversely, when ∆ε = 4t˜, the gap vanishes and the exponen-
tial localisation of the edge states disappears. Moreover, the
bulk density of states at zero energy does not vanish anymore,
such that Jηα(0) 6= 0, and the edge modes become broadened
resonances Γη > 0 instead of the previous bound states.
It is very instructive to understand how the onset of a topo-
logical phase transition can be predicted by looking at the ef-
fective theory for the edges. This will become very useful in
the presence of interactions, where a simple interpretation in
terms of observables associated to a topological invariant (7)
for non-interacting systems cannot be applied. Additionally,
this result also underlies the importance of preserving all the
orbitals in the effective description in terms of AB-c, and not
simply projecting to the low-energy flat band when trying to
describe flat-band effects in fermionic topological insulators.
2. Bulk-mediated dephasing and edge-edge interactions
Let us now derive an effective boundary theory in the bal-
anced interacting model (∆ε = 0) for intermediate interactions
Vv/t˜. Therefore, we must analyse the following part HpiCH =
HFB +Vnn +Vpt +Vdt of the Hamiltonian (39). Although the
pair and density-dependent tunnellings in Eqs. (37)-(38) mod-
ify the distribution of particle-hole pairs in the rungs of the vir-
tual ladder (see Fig. 5), the nearest-neighbour interactions (36)
do not change, since the number of neighbouring AB-c that
are occupied is preserved under such processes. Therefore, in
this limit, the nearest-neighbour interactions (36) can be sub-
stituted by a c-number, and only the flat-band (12) and the
correlated-tunnelling terms (37)-(38) have an important effect
on the non-interacting groundstates (13). Moreover, as argued
below Eq. (38), only the density-dependent tunnelling at the
edges of the ladder will play a role to determine the order of
the translationally-invariant groundstates.
According to this discussion, we can rearrange these terms
as HpiCH = Hedge+Hbulk+Hb−e, where the edge Hamiltonian
coincides with Eq. (40) for the non-interacting imbalanced
case. In contrast, the bulk Hamiltonian is no longer described
by a quadratic fermionic model, but instead by quartic terms
that can be understood as some effective spin exchange. This
becomes apparent after introducing the su(2) algebra
T˜ xi =
1
2
(
w†i,+wi,−+w
†
i,−wi,+
)
, T˜ zi =
1
2
(
w†i,+wi,+−w†i,−wi,−
)
,
(51)
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which should not be confused with the strong-coupling orbital
spin operators of Eq. (31). With this notation, the bulk Hamil-
tonian becomes
Hbulk =
Vv
4
N+
N−1
∑
i=1
4t˜ T˜ zi +
N−1
∑
i=2
4J˜T˜ xi−1T˜
x
i , (52)
where J˜ =−Vv/4, which corresponds to a ferromagnetic Ising
model in a transverse field. This model can be solved exactly
for periodic boundary conditions [74] by means of a Jordan-
Wigner transformation [66], namely
T˜ zi = f
†
i fi − 12 , T˜ xi = 12 f †i eipi∑ j<i f
†
j f j +H.c., (53)
where f †i = ( fi)
† are spinless fermionic operators. Consider-
ing periodic boundary conditions fN = f1, we would obtain
the energy bands for single-particle excitations
ε˜±(q) =±ε˜(q) =±2|J˜|
√
1+ f˜2−2f˜cosq, (54)
where we have introduced the flatness parameter f˜ = 8t˜/Vv,
such that we recover perfect flat bands in the non-interacting
regime Vv = 0. Here, the quasi-momentum is defined within
a halved Brillouin zone q ∈ (0,pi], such that there is a total
of N single-particle modes. Let us remark that, just by look-
ing at this effective theory of the bulk, one would predict a
standard quantum phase transition at |J| = 2t˜ onto an orbital
ferromagnet that can be described by a local order parameter.
However, this theory would predict a featureless disordered
phase for |J| < 2t˜, and thus completely miss the topological
features of the model. It is thus of paramount importance to
include the boundary AB-c in the full description.
To prepare for that, we use a similar approximation to treat
the bulk as in the previous section. We note that the above
energies have the symmetry ε˜α(+q) = ε˜α(−q), such that we
can move back to the entire Brillouin zone, and construct AB-
c momentum operators that respect the open boundary con-
ditions fN = f0 = 0 of a finite ladder by combining the ±q
solutions of the periodic chain. In this case, in order to re-
cover the N single-particle modes, and taking into account
that the q = pi mode yields a trivial sanding wave, we need
to enlarge the number of sites in the problem with periodic
boundary conditions N − 1→ N, such that the allowed mo-
menta become qn = 2piN−1 n→ qn = 2piN n with n ∈ {1, · · · , 12 N}.
Accordingly, the mapping(
f (+qn)
f †(−qn)
)
=
√
2
N
N−1
∑
j=1
sin(qn j)
(
f j
f †j
)
, (55)
transforms the bulk Hamiltonian (52) approximately into
Hbulk ≈
N/2
∑
n=1
Ψ˜†(qn)B˜(qn) ·σ Ψ˜(qn), (56)
where B˜(qn) = (0,−2J˜ sinqn,4t˜ + 2J˜ cosqn), and Ψ˜(qn) =
( f (qn), f †(−qn))t are the Nambu spinors. Diagonalising this
Hamiltonian leads to the bulk curved energy bands (54), such
that Hbulk = ∑n,α αε˜(qn)γ˜
†
α(qn)γ˜α(qn), where we have intro-
duced
γ˜+(qn) = +u˜
∗
qn f (qn) + v˜qn f
†(−qn),
γ˜−(qn) =−v˜∗qn f (qn) + u˜qn f †(−qn),
(57)
together with the following constants
uqn =
√
ε˜(qn)+ ζ˜ (qn)
2ε˜(qn)
, vqn = e
iφ˜n
√
ε˜(qn)− ζ˜ (qn)
2ε˜(qn)
, (58)
and ζ˜ (qn) = 2t˜ + J˜ cosqn, eiφ˜n = isgn(sin(qn)). In con-
trast to the single-particle bulk excitations in the imbalanced
case (44), the fermionic operators (57) now describe Bogoli-
ubov fermionic excitations [79]. We note again that by using
the periodic bulk energies, our approximation is essentially
introducing an intensive contribution coming from the added
bonds at the ends of the ladder.
Finally, the bulk-edge coupling corresponds to a spin-
density interaction
Hb−e =Vv
(
nl T˜ x1 −nrT˜ xN−1
)
. (59)
We can express this interaction in terms of the Bogoliubov
excitations, after using the above Jordan-Wigner transforma-
tion, together with Eqs. (55) and (57). In a first approxima-
tion, we neglect the Jordan-Wigner string, which allows to de-
rive a bulk-edge coupling that is analogous to the imbalance-
induced hybridization (46), namely
Hb−e =∑
n,α
(g˜ln,α l
†l − g˜rn,αr†r )γ˜α(qn)+H.c.. (60)
Once again, in order to obtain the correct bulk-edge couplings
g˜ηn,α , we have to consider that the connection between the
modes of the periodic and open chain require enlarging the
number of lattice sites, and thus changing the indexing of the
operators in the edge-bulk coupling. This leads to
g˜ln,+ =+
Vv√
2N
sinqnu˜qn ,
g˜ln,− =−
Vv√
2N
sinqnv˜qn ,
g˜rn,+ =+
Vv√
2N
sin(qn(N−1)) u˜qn ,
g˜rn,− =−
Vv√
2N
sin(qn(N−1)) v˜qn .
(61)
Accordingly, the Creutz-Hubbard ladder in this formulation
HpiCH =Hedge+Hbulk+Hb−e becomes again similar to a non-
interacting two-impurity Fano-Anderson model [78]. In this
case, the gapless metallic bands in the Fano-Anderson model
are substituted by gapped bands of Bogoliubov fermions (57)
due to the lack of conservation of the number of Jordan-
Wigner fermions. The bulk-edge hybridisation (46) is substi-
tuted by a bulk-edge coupling (60) that does not conserve the
number of Jordan-Wigner fermions either, and depends on the
population of the edge modes. This analogy shall allow us to
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predict the onset of a topological quantum phase transition in
the Creutz ladder caused solely by the Hubbard interactions.
Interpreting once more the dispersive bulk bands as reser-
voirs, the bulk-edge coupling can have two effects: (i) the
zero-energy edge modes η = l,r may get shifted εη = 0→
εη = ∆εη , and dephased with a rate Γ˜η/2, (ii) the bulk Bo-
goliubov excitations can mediate an edge-edge interaction
(i.e. density-density interactions between the edge fermions
mediated by spin-wave-type excitations). In analogy to the
imbalance-induced broadening (48), the dephasing rate can
be expressed as Γ˜η = ∑α J˜ηα(εη), where we have introduced
the spectral density for the new bulk-edge coupling
J˜ηα(ω) = 2pi∑
n
|g˜n,α |2δ (ω−αε˜(qn)). (62)
Accordingly, the dephasing of the superposition states de-
pends on the value of this spectral function at zero energy
Γ˜η = ∑α J˜ηα(0). For Vv/4 < 2t˜, the bulk bands (54) remain
gapped, and thus Jηα(0) = 0, such that there is no dephas-
ing. In this regime, there are only level shifts and edge-edge
interactions described by
He−e = ∆εlnl +∆εrnr +Ueenlnr, (63)
where we have introduced
∆εη =−∑
n,α
|g˜ηn,α |2
ε(qn)
, Uee =∑
n,α
g˜ln,α g˜
r
n,α
ε(qn)
+ c.c., (64)
Let us note that, in contrast to the imbalanced case, the
particle-hole symmetry does not impose the vanishing of the
level shifts. Due to the different bulk-edge coupling, these
shifts depend on the filling of the Bogoliubov levels for
the bulk groundstate |gbulk〉= γ˜†−(q1)γ˜†−(q2) · · · γ˜†−(qN−1)|0B〉,
where |0B〉 is the Bogoliubov vacuum, and thus do not vanish.
If we now use a similar argument as for the imbalance-
induced quantum phase transition, we find that (i) the bulk-
mediated edge-edge interaction has no effect on the degen-
erate groundstate (13), since both edge modes are not pop-
ulated simultaneously for a half-filled system. (ii) Although
the zero-modes are shifted in energy, the topological degener-
acy is preserved ∆εl = ∆εr, and no dephasing occurs provided
that the Bogoliubov excitations remain gapped. Conversely,
when |J˜|= 2t˜, or equivalently Vv = 8t˜, dephasing takes place
signalling that the edge modes are not well-defined single-
particle excitations. This argument thus locates the critical
point of the interaction-induced quantum phase transition at
Vv
t˜ |c = 8, which has been represented by a red circle in the
phase diagram of Fig. 1.
E. Phase diagram of the Creutz-Hubbard ladder
Our considerations in the above sections already allowed us
to determine the possible phases of the model and their phase
boundaries in certain parameter regimes. In the following, we
lay out the full phase-diagram of the model in the (∆εt˜ ,
Vv
t˜ )
plane using DMRG calculations.
Figure 6: Paramagnetic susceptibility and energy gaps along
the TI-oPM-transition: Top: The divergence of the magnetiza-
tion susceptibility χ∆n with growing system size indicates the crit-
ical point for a cut through the phase-diagram at Vv = 4.0 (left in-
set: occupation imbalance ∆n, right inset: fitted finite-size scaling
of the susceptibility maxima assuming up to second-order correc-
tions, ∆εc(N) = ∆εc(1+aN−1 +bN−2)). Bottom: The dashed lines
show the finite size results for the energy gap ∆, which is non-zero
in both the TI- and the oPM-phase. The quantity δ (solid lines), on
the contrary, is zero in the TI-phase due to the presence of zero en-
ergy modes, but achieves a non-vanishing value in the OPM phase.
Blue: N = 8, orange: N = 16, green: N = 32, red: N = 64, violet:
N = 128, brown: N = 256. The vertical line (black) indicates the
transition point (∆εc = 1.857).
Our DMRG-code is based on matrix-product states and
uses a two-site optimization scheme. It is built on the Abelian
Symmetric Tensor Networks Library (developed in collabora-
tion with the group of S. Montangero in Ulm) and capable of
implementing multiple Abelian symmetries, such as particle-
number conservation. We consider lattices up to N = 256 sites
and virtual bond-dimensions of up to m = 200.
The analytic and numerical results for the phase diagram,
collected in Fig. 1, are described in the following subsections:
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1. Topological insulator to orbital paramagnet phase transition
As shown in Sec. III B, the mapping of the Creutz lad-
der onto a Quantum Ising ladder allows us to predict a crit-
ical line (29) separating the topological insulator (TI) and the
orbital paramagnet (oPM) for sufficiently weak interactions.
This critical line is represented by a red dashed line that starts
form the point ∆ε = 4t˜,Vv = 0 in Fig. 1.
The Ising transverse magnetization, or equivalently the den-
sity imbalance between the legs of the Creutz ladder (28), can
serve as a good indicator for this quantum phase transition
that can be easily calculated numerically using the DMRG
code. We can determine the critical line by studying the diver-
gence of the imbalance susceptibility χ∆n = ∂ 〈∆n〉/∂ (∆ε/t˜)
(Fig. 6(top)).
As an alternative means of identifying the TI phase, we
can study the behaviour of the ground-state degeneracy in the
Creutz-Hubbard model with variable filling. We therefore in-
troduce the single- and two-particle energy gaps
∆= lim
N→∞
1
2 [E(N+2)+E(N−2)−2E(N)] , (65)
δ = lim
N→∞
[E(N+1)+E(N−1)−2E(N)] , (66)
where E(x) is the ground-state energy of a system with x
particles. It can be shown that the two quantities coincide
for gapless systems (∆ = δ = 0) and conventional insulators
(∆ = δ 6= 0). In a topological insulator, however, δ = 0 due
to the presence of zero-energy edge modes while ∆ 6= 0 mea-
sures (half) the band-gap. In Fig. 6 (bottom), we show that the
predicted behaviour is indeed observed.
The critical points obtained through these different observ-
ables are represented by yellow stars in the left part of Fig. 1.
As can be seen from these results, the analytical prediction
of the phase boundary (29) is reasonably accurate even for
quite large interactions, where the exact critical line given by
DMRG departs from a straight line, and bends up.
2. Orbital ferromagnet to orbital paramagnet phase transition
In Sec. III C, we introduced an effective orbital Ising model
in the limit of very strong interactions, which allowed us to
predict a critical line (33) separating the orbital ferromagnet
(oFM) and orbital paramagnet (oPM). This critical line is rep-
resented by a yellow dashed line in Fig. 1.
Indeed by measuring the paramagnetic and ferromagnetic
magnetization (〈T zi 〉 resp. 〈T yi 〉 in Eq. (31)), we confirm that
these quantities scale equally, and identify the phase-transition
point also for finite interactions (Fig. 7). Technically, we
determine the paramagnetic magnetization by measuring the
fermionic observable that defines T zi , which is proportional to
the leg density imbalance discussed above (see Eq. (31)). In
order to avoid problems due to incomplete symmetry breaking
when studying the ferromagnetic order-parameter 〈T yi 〉 (i.e.
between the possible alignments in the ferromagnetic phase),
we determine instead the zero-momentum component of the
Figure 7: Ferro- and paramagnetic magnetization along the
oFM-oPM-transition: Top: Paramagnetic magnetization suscep-
tibility for a cut through the phase diagram at Vv = 16t˜ and dif-
ferent system sizes (inset: fitted finite-size scaling of the suscepti-
bility maxima assuming up to second-order corrections, ∆εc(N) =
∆εc(1 + aN−1 + bN−2)). Bottom: Ferromagnetic magnetization
along the same line. Blue: N = 8, orange: N = 16, green: N = 32,
red: N = 64, violet: N = 128. The light blue vertical line (dashed) in
the top figure indicates the critical point (here: ∆εc/t˜ = 0.266). The
black dashed curves indicate the analytical predictions of an Ising
model with the same critical point (and a saturation of the ferromag-
netic magnetization 〈T yi 〉max = 0.48). The effective Ising model in
Eq. (31) suggests ∆εc/t˜ = 0.25 and 〈T yi 〉max = 0.5.
orbital magnetic structure factor
STyTy(k) =
1
N2 ∑i, j
eik(i− j)
〈
T yi T
y
j
〉
, (67)
which yields the desired ferromagnetic magnetization in the
thermodynamic limit 〈T yi 〉= (STyTy(0))1/2.
We observe for both quantities an Ising-like scaling, which
differs from the strong-coupling prediction only by a renor-
malization of the critical point and of the maximum ferromag-
netic magnetization (comp. Fig. 7).
The critical points obtained through these magnetizations
are represented by yellow stars in the right part of Fig. 1. As
can be seen from these results, the analytical prediction of the
phase boundary (29) is reasonably accurate even for moderate
interactions.
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Figure 8: Paramagnetic magnetization susceptibility along the
the TI-oFM-transition: Blue: N = 8, orange: N = 16, green: N =
32, red: N = 64, violet: N = 128, brown: N = 256. The black dashed
lines indicate the TD-result in a TFIM-model. Inset: The finite-size
scaling of the maxima of the susceptibility yields (Vv/t˜)c,num = 8.003
(here fitted via Vv,c,num(N) =Vv,c,num(1+aN−1)), in good agreement
with the analytical result (Vv/t˜)c = 8 .
3. Topological insulator to orbital ferromagnet phase transition
In Sec. III D, we derived an interesting connection between
the balanced Creutz-Hubbard ladder for intermediate interac-
tions and a Fano-Anderson-type model, which allowed us to
predict the extension of the topological phase along the (0, Vvt˜ )
axis of the phase diagram until a critical point Vvt˜ = 8. Beyond
this point, the long-range ordered orbital Ising magnet sets in,
and the topological edge modes disappear into the bulk. This
critical point is represented by a red circle in Fig. 1.
The numerical analysis (Fig. 8) confirms the validity of the
effective Ising-model derived in Eq. (52), and the exact lo-
cation of this critical point. Moreover, in the case of finite
imbalance (∆ε 6= 0), the divergence of the paramagnetic sus-
ceptibility serves as a criterion for the determination of the
phase-boundary (see inset Fig. 8). The critical points obtained
by these means are represented by yellow stars in the middle
part of Fig. 1.
4. Conformal field theories for the critical lines and entanglement
spectrum for the phases
So far, we have used a conventional condensed-matter ap-
proach to explore numerically the phase diagram of the model,
which is based on exploiting energy gaps, susceptibilities,
and correlation functions to identify phases with long-range
order or symmetry-protected topological phases, and critical
lines that separate them. An alternative approach, based on
the groundstate entanglement, has recently become a comple-
mentary method to understand the phase diagram of quantum
many-body models [80]. For instance, the pair-wise concur-
rence ’susceptibility’ can serve as a probe to localize quan-
tum critical points [81], displaying a scaling behavior sim-
ilar to that of certain observables in the more conventional
condensed-matter approach. Other entanglement measures
can also serve as probes of quantum criticality, as occurs for
the block entanglement entropy S(l) =−Tr{ρl logρl}, where
ρl = TrL−l{|εgs〉〈εgs|} is the reduced density matrix of the left
block with l sites for a bipartition of a chain of L sites. Re-
markably enough, not only does the block entanglement en-
tropy serve as a probe of criticality due to its divergence at a
phase transition, but its scaling with the system size also re-
veals the central charge c of the conformal field theory (CFT)
underlying the critical behavior [82, 83]. For a critical sys-
tem with open boundary conditions, the block entanglement
entropy scales as
S(l) =
c
6
ln
(
2L
pi
sin
pil
L
)
+a, (68)
where we have introduced a non-universal constant a. Since
such entanglement entropy can be easily recovered from our
MPS numerical results, calculating the central charge of the
different critical lines of our phase diagram can serve as an
additional confirmation of our previous derivations.
In Sec. III B, we argued that the synthetic Creutz ladder for
sufficiently weak interactions can be understood as a couple of
Ising models of length L = N with a renormalized transverse
field. Accordingly, the corresponding CFT should have cen-
tral charge of c = 1/2+ 1/2 = 1, such that we would expect
the scaling S(l) = 16 ln
( 2N
pi sin
pil
N
)
+ a. This is a natural con-
nection to the non-interacting regime of Sec. III, where we
argued that the phase transition can be understood in terms
of a Dirac fermion with a Wilson mass in lattice gauge the-
ories. This Wilson fermion becomes massless at the critical
point, and corresponds to the CFT of a single massless Dirac
fermion with central charge c = 1.
For the strongly-interacting regime of Sec. III C, we showed
that the oFM-oPM quantum phase transition can be predicted
in terms of a single Ising model of length L = N in a trans-
verse field. Accordingly, the corresponding CFT should have
central charge of c = 1/2, and S(l) = 112 ln
( 2N
pi sin
pil
N
)
+ a˜. In
contrast to the previous case, the critical phenomena is gov-
erned by the CFT of a single Majorana fermion with central
charge c = 1/2.
Finally, in the intermediate interacting regime of Sec. III D,
we argued that the relevant physics to understand the TI-
oFM phase transition is by approximating a complicated non-
standard Hubbard model with a simpler quantum impurity
model for the edges coupled to a bulk of spins described by
yet another Ising model of L = N − 1 sites in a transverse
field. Technically, however, we determine the entanglement
entropy between the N physical sites in the original basis and
therefore measure S(l) = 112 ln
( 2N
pi sin
pil
N
)
+a′ for a system of
length L = N, corresponding to the CFT of a single Majorana
fermion with a central charge of c = 1/2.
We confirm the above predictions through the numerical
determination of the central charge along the critical lines in
three representative cases (see Fig. 9). We find central charge
values agreeing with c = 1/2 for the TI-oFM and the oFM-
oPM-transition. The charge c= 1 along the TI-oPM-transition
originates from the hybrid nature of the Ising-model describ-
ing it (see Eq. (20)). Building on these results, we depict the
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Figure 9: Scaling of the entanglement entropy for critical
points on the different transition lines. The prefactor c in S(l) =
c
6 ln(
2N
pi sin
pil
N ) + const. identifies the central charge of a critical
phase. Here we show the entanglement entropy in systems with
N sites and fit the data for N/4 < l ≤ N/2 . The fitting results
for the TI-oPM transition yield c = 1.003 for Vv/t˜ = 4.0,∆ε/t˜ =
1.857,N = 128 (blue line), the oFM-oPM transition yield c = 0.524
for Vv/t˜ = 16,∆ε = 0.266,N = 128 (green line), and the TI-oFM
transition yield c = 0.503 for Vv/t˜ = 0,∆ε/t˜ = 8,N = 256 (yellow
line). All these numerical fits agree considerably well with the model
predictions c ∈ {1,1/2,1/2}.
central charges of the three critical lines of our phase diagram
in Fig. 1. Interestingly, the massless Dirac fermion c= 1 gov-
erning the topological phase transition Ti-oPM for sufficiently
weak interactions, is split into a pair of massless Majorana
fermions c = 12 +
1
2 at the tri-critical point, each of which
governs the critical properties of the TI-oFM and oFM-OPM
quantum phase transitions, respectively. At this tri-critical
point, the central charge is conserved, and the two Majorana
fermions paired to yield the Dirac fermion governing the TI-
oPM phase transition, become un-paired and describe individ-
ually the critical properties of the two other phase transitions
of the model.
In the previous sections, we provided several indicators of
the non-trivial topological nature of the TI phase, such as
the resilience of the zero-energy edge modes as interactions
are switched on (see Sec. III D), or the different single- and
two-particle gaps (65) that distinguish topological and non-
topological phases (see Sec. III E). Let us now provide further
evidence by using entanglement properties of the groundstate.
In particular, a strong signature of the presence of topologi-
cal order can be extracted from the study of the entanglement
spectrum (ES) [8]. Similarly to the case of the entanglement
entropy, to define the ES we take a bipartition of the ladder
and the resulting Schmidt decomposition of the ground state
|ψ〉 = ∑iλi|ψ iL〉 ⊗ |ψ iL−l〉, where |ψ iL〉 and |ψ iL−l〉 are basis
vectors of the two parts, satisfying the orthogonality condi-
tion 〈ψ jl |ψ iL−l〉 = δi j, whereas the λi are the Schmidt values.
By convention, the ES is defined as a logarithmic rescaling
of the Schmidt values, −2log(λi) and it can be again ex-
tracted straightforwardly from MPS calculations. As origi-
nally pointed out in [51] in the context of the characterization
Figure 10: Degeneracies of the entanglement spectrum for dif-
ferent phases. For a ladder of length L= 128 and for a bipartition in
the half chain, the twenty lower eigenvalues of the ES are depicted
for the three different phases. The dots represent the degeneracy of
the corresponding eigenvalue. In the TI phase, for Vv/t˜ = 4 and
∆ε/t˜ = 1.5 the eigenvalues are all doubly degenerate. In the oPM
phase, for Vv/t˜ = 4 and ∆ε/t˜ = 2, and in the oFM phase for Vv/t˜ = 9
and ∆ε/t˜ = 0.2 almost all the eigenvalues are not degenerate. We
found the same behaviour elsewhere in phase space.
of the Haldane phase of Heisenberg-type magnets, the degen-
eracy of the ES robustly identifies the symmetries protecting
the topological phase. As shown in Fig. 10 in the imbalanced
Creutz-Hubbard model, the ES in the TI phase clearly shows
doubly-degenerate eigenvalues, whereas in the oPM and oFM
phases the ES is trivial and almost completely non-degenerate.
This supports the topological nature of the wide region of the
phase diagram labelled as TI (see Fig. 1), and demonstrates
that the topological insulating phase survives to considerably
strong interactions.
IV. SYNTHETIC CREUTZ-HUBBARD LADDER
In this section, we discuss an experimental setup capable
of implementing the imbalanced Creutz-Hubbard Hamilto-
nian (3). We shall focus on a particular set of microscopic
couplings that can be realised with ultracold atoms in optical
lattices by exploiting the tools of laser-assisted tunnelling.
A. Cold-atom Creutz-Hubbard ladder
We consider a cubic state-independent optical lattice that
traps a two-component atomic gas with hyperfine states |↑〉=
|F = I− 12 ,M〉, |↓〉= |F ′ = I+ 12 ,M′〉 (see Fig. 11(a)). In the
Wannier basis, the Hamiltonian corresponds to the standard
Hubbard model [26], namely
H =
N
∑
i=1
∑
σ=↑,↓
(
−t f †i+1,σ fi,σ +
εσ
2
ni,σ +H.c.
)
+∑
i
U↑↓ni,↑ni,↓,
(69)
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where the fermionic operators f †i,σ , fi,σ create and annihilate
an atom in the electronic state σ at site i of the lattice, and
ni,σ = f
†
i,σ fi,σ are the number operators. In this equation, t
is the tunnelling strength of atoms between neighbouring po-
tential wells along the x-axis, εσ stand for the energies of the
electronic levels, and U↑↓ corresponds to the on-site interac-
tion strength due to s-wave scattering. As customary [23],
tunnelings and interactions of a longer range, as well as tun-
nelings along the y and z axes, have been neglected in this ex-
pression. This is justified for sufficiently deep optical lattices
V0,y,V0,z  V0,x  ER, where V0α are the corresponding am-
plitudes of the optical potential V (r) =∑α=x,y,z V0α sin2(krα),
ER = k2/2m is the recoil energy, and k is the wavevector of
the retro-reflected laser beams forming the optical lattice. In
this regime, the parameters of Eq. (69) can be expressed as
t =
4ER√
pi
(
V0,x
ER
)3
4
e
−2
√
V0x
ER , U↑↓ =
√
8
pi
ka↑↓ER
(
V0xV0yV0z
ER
)1
4
,
(70)
where a↑↓ is the s-wave scattering length for the collision of
two atoms in the two different hyperfine states.
The first step towards a possible implementation of the
Creutz-Hubbard model based on Eq. (69) is to represent the
legs of the ladder by the two hyperfine states [84, 85] (see
Fig. 11(b)). This might be interpreted as the smallest-possible
synthetic dimension along which real [86] or complex [87]
tunnelings can be implemented via Raman transitions, leading
to recent experiments realising synthetic gauge fields [56, 58].
Unfortunately, the Creutz ladder involves more complicated
tunnelings (see Fig. 11(c)) that cannot be directly obtained
using this scheme. One possibility to implement the required
tunnelings could be to combine bi-chromatic optical lattices
with additional Raman transitions and a staggered optical po-
tential, which allows for a very flexible toolbox to realise spin-
dependent tunnelings [85]. However, in view of the success
of experimental schemes based on periodic modulation of the
lattice [33, 34] that can be understood in terms of Floquet en-
gineering [88], we hereby present an alternative scheme to
achieve the desired Hamiltonian combining periodic modula-
tions with a generalisation of the Raman-assisted scheme [28]
applied to a spin-independent optical lattice.
1. State-independent energy gradient
We consider a linear energy gradient that tilts the optical
lattice independently of the hyperfine state. Such a linear gra-
dient can be obtained by accelerating the lattice, or by exploit-
ing the ac-Stark effect, and yields
Htilt =∑
i,σ
∆i f †i,σ fi,σ . (71)
Note that we have considered the regime ∆ V0x, such that
the gradient does not modify the inter-site terms of the orig-
inal Hubbard model (69), but only leads to the local on-site
term (71) in the Wannier basis. Moreover, we impose t  ∆,
such that the tilt inhibits the original intra-leg tunnelling in
Fig. 11(b). The goal now is to re-activate the tunneling against
this gradient, by generalising the ideas of schemes based on
Raman transitions [28], or on periodic modulations [89] with
additional shallower optical lattices [33].
2. Raman-assisted tunnelling
We consider three additional laser beams. These lead to
a couple of Raman two-photon excitations that assist the
inter-leg tunnelings (see Fig. 12(a)). A first pair of laser
beams with frequencies ω1,ω2 assists the inter-leg tunnel-
ings in Fig. 12(b) by virtually populating an excited state.
The effect of the lasers is two-fold, they provide the en-
ergy to overcome the potential offset in the tunnelling process
ω1−ω2 = (ε↓− ε↑)+∆, and they also induce a recoil kick
δk = (k1 − k2) · ex along the x-axis, thus allowing the tun-
nelling to occur (i.e. overlap of neighbouring Wannier func-
tions). The other pair of laser beams assists the inter-leg tun-
nelling in Fig. 12(c) provided that ω1−ω3 = (ε↑− ε↓)+∆,
also yielding a recoil kick δ k˜ = (k1 − k3) · ex. Altogether,
these Raman-assisted terms lead to
HRaman =∑
i
1
2
(
Ω f †i+1,↓ fi,↑+ Ω˜ f
†
i+1,↑ fi,↓
)
+H.c., (72)
where we have introduced the Raman-assisted tunnelling
strengths
Ω=Ω12e
− pi4
√
V0x
ER , Ω˜=Ω13e
− pi4
√
V0x
ER , (73)
which are expressed in terms of the respective two-photon
Rabi frequencies Ω12,Ω13 corresponding to the particular Ra-
man transition, and an exponential term due to the laser-
assisted overlap of the neighbouring Wannier orbitals, which
has been calculated using a Gaussian approximation. We
shall consider the limit where the Raman-assisted tunneling
strengths are set to be equal Ω= Ω˜. To arrive at these expres-
sions, we have considered again the regime of deep optical
lattices, and that δk ·λ = 2pin, δ k˜ ·λ = 2pi n˜, where n, n˜ ∈ Z
and λ is the wavelength of the retro-reflected laser beam that
leads to the original optical lattice. This can be achieved by
controlling the angle of the Raman lasers with respect to the x-
axis. More importantly, we have assumed that the two-photon
Rabi frequencies fulfil |Ω12|, |Ω13|  ∆, such that on-site Ra-
man transitions are highly off-resonant, and can be neglected.
Let us note that, by avoiding a state-dependent optical lat-
tice that traps each of the two components differently, our
scheme is not subjected to the heating problems that become
specially troublesome for fermionic atoms [90].
3. Intensity-modulated optical lattice
To obtain the complex horizontal hopping in Fig. 11(c), we
must re-activate the intra-leg tunnelling inhibited by the lattice
tilting (71), and dress it with the correct Peierls phases. This
can be achieved by introducing a periodic driving provided by
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Figure 11: Ladder scheme for a binary hyperfine mixture of ultracold atoms in an optical lattice: (a) Atoms in two hyperfine states
|↑〉 = |F = I− 12 ,M〉 (blue circles), |↓〉 = |F ′ = I+ 12 ,M′〉 (red circles) are trapped at the minima of an optical lattice. At low temperatures,
the kinetic energy of the atoms can be described as tunnelling of strength −t between the lowest energy levels ε↑,ε↓ of neighbouring potential
wells. Additionally, the s-wave scattering of the atoms leads to contact interactions of strength U↑↓ whenever two fermionic atoms of different
internal state meet on the same potential well. (b) Ladder representation of the binary mixture, where each hyperfine state corresponds to
a different leg of the ladder. The tunnelling (on-site energy) is represented by solid lines linking neighbouring (same) sites within each leg,
whereas the on-site interactions are represented by curly lines among two neighbouring sites that belong to different legs. (c) Creutz-Hubbard
model obtained by including a Peierls phase in the intra-leg tunnelings −t→±− the±iθ , and introducing inter-leg tunnelings −td represented
by solid lines along diagonal rungs of the the ladder.
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Figure 12: Raman-assisted tunnelling scheme for a binary hyperfine mixture of ultracold atoms in an optical lattice: (a) Atoms in a
given hyperfine state from the groundstate manifold nS1/2 can tunnel to the neighbouring potential well changing its hyperfine state by means
of a Raman transition that virtually populates an excited state from the manifolds nP1/2,nP3/2. (b) The inter-leg tunnelling of |↑〉 (blue circles)
to |↓〉 (red circles) is mediated by a pair of lasers providing the energy necessary to overcome the offset ω1−ω2 = (ε↓− ε↑)+∆, and a recoil
kick to assist the tunnelling. (c) The inter-leg tunnelling of |↓〉 (red circles) to |↑〉 (blue circles) is mediated by a pair of lasers providing the
energy necessary to overcome the offset ω1−ω3 = (ε↑− ε↓)+∆, and a recoil kick to assist the tunnelling.
an additional optical lattice with a modulated intensity (see
Fig. 13(a)), namely
Hdriving =∑
i,σ
Vd,σ (t)sin2(kdx0i ) f
†
i,σ fi,σ , (74)
where the intensity of the ac-Stark shifts for each of the hy-
perfine states is modulated periodically in time, Vd,σ (t) =
Vd,0 sin(ωd,σ t− φσ ) with frequency ωd,σ and a phase φσ . In
analogy with the lattice tilting (71), we have assumed that the
amplitude fulfills Vd,0V0x, such that we can neglect any pe-
riodic modulation on the bare tunnelling of the original Hub-
bard model (70), and consider instead a periodic driving of the
on-site energies (74). More importantly, since this lattice must
be very shallow, one can minimise the scattering of photons
from the excited state in the calculation of the two-photon ac-
Stark shift, which can lead to the aforementioned problematic
heating effects in the opposite regime of deep state-dependent
optical lattices [90]. As an interesting alternative, we note that
a time-dependent magnetic-field gradient [91] can also be ex-
ploited to obtain state-dependent time-periodic modulations.
4. Effective Creutz-Hubbard Hamiltonian
Once the ingredients have been introduced, let us show how
the synthetic Creutz-Hubbard model is obtained. If the wave-
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Figure 13: Photon-assisted tunnelling scheme for a binary hyperfine mixture of ultracold atoms in an optical lattice: (a) Atoms in a
given hyperfine state can tunnel to the neighbouring potential well preserving its hyperfine state by absorbing energy from an additional optical
lattice whose intensity is periodically modulated. (b) The intra-leg tunnelling of |↑〉 (blue circles) is activated by the weak modulated lattice
with ωd,↑ = ∆/2, such that the tunnelling picks the modulation phase e−i2φ↑ . (c) The intra-leg tunnelling of |↓〉 (red circles) is activated by the
weak modulated lattice with ωd,↓ = ∆/2, such that the tunnelling picks the modulation phase e−i2φ↓ .
length of this intensity-modulated lattice is twice that of the
original lattice λd = 2λ , only the even sites will be subjected
to the periodic modulation (see Fig. 13(a)). Moreover, if the
resonance condition is met, namely nωd,σ = ∆ for n ∈ Z, the
nearest-neighbour tunnelling can be restored by absorbing en-
ergy quanta from the periodic drive. By setting ωd,σ = ∆/2,
the intra-leg tunnelings acquire the phase of the corresponding
drivings (see Fig. 13(b)-(c)), and lead to
Hh =−tJ2
(
Vd,0
∆
)
∑
i,σ
e−i2φσ f †i+1,σ fi,σ +H.c., (75)
where J2(x) is the second-order Bessel function of the first
class. Let us note that the phases of the periodic modula-
tions must fulfil φ↑ = −φ↓, and that the Raman-assisted tun-
nelling (72) will get off-resonantly modified by this driving,
leading to the final inter-leg tunnelling
Hd =
Ω
2
J0
(
Vd,0
∆
)
∑
i
(
f †i+1,↓ fi,↑+ f
†
i+1,↑ fi,↓
)
+H.c., (76)
where J0(x) is the zero-order Bessel function. We finally note
that the on-site Raman transitions, which were previously ne-
glected under a rotating-wave approximation |Ω12|, |Ω13| 
∆, can also become activated due to the intensity-modulated
lattice. This contributes with an spurious vertical inter-leg tun-
nelling
Hv =
Ω12
2
J2
(
2Vd,0
∆
sin
( 1
2 (φ↑−φ↑)
))
∑
i
f †2i,↓ f2i,↑+H.c..
(77)
At this point we should stress that the above derivation does
not pose any constraint on the ratio Vd,0/∆. Hence, we can set
this ratio such that we hit a zero of the corresponding Bessel
function, e.g. 2Vd,0 sin
(
φ↑−φ↑
2
)
= 5.1356∆, which yields a
coherent destruction of the spurious tunnelling against the en-
ergy offset [92], such that we can make Hv ≈ 0.
All the ingredients discussed so far combine to give us the
desired laser-assisted tunnelling that implements the Creutz-
ladder kinetic Hamiltonian HC = Hh +Hd (1). This becomes
clear after the mapping
fi,↑→ ci,u, fi,↓→ ci,d, (78)
and the associated identification of the Creutz-ladder parame-
ters with the microscopic cold-atom ones
th =+tJ2
(
Vd,0
∆
)
, θ = 2φ↑, td =−Ω2 J0
(
Vd,0
∆
)
. (79)
In addition, if the Raman beams in Eq. (72) are slightly de-
tuned from the resonance, we would have an additional term
Hlocal =
δ
2∑i
(
f †i,↑ fi,↑− f †i,↓ fi,↓
)
, (80)
where δ is the Raman detuning, and we work in a rotating
frame. By identifying
∆ε =
δ
2
, (81)
we obtain the last ingredient of the kinetic energy, namely the
leg imbalance in Eq. (5).
So far, we have only been concerned with the kinetic term
of the Creutz ladder. As studied for other type of periodic
drivings [93, 94] or [33, 95], the Hubbard interactions present
in the microscopic model (69) may have an important impact
in the dressed tunnelings if they modify the resonance con-
ditions. In this work, we assume that such resonances are
avoided, which permits mapping the s-wave scattering of the
cold atoms (69) onto the required Hubbard interaction of the
Creutz ladder (2) directly:
Vv =U↑↓, Vh = 0. (82)
We have thus finished with the derivation of the synthetic
Creutz-Hubbard model in the cold-atom setup. To summarise,
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one can explore the properties of the imbalanced Creutz-
Hubbard Hamiltonian in Eq. (3) by applying a laser-assisted-
tunnelling scheme to a two-component gas of fermionic atoms
loaded 1D optical lattice, such that the components play the
role of the two legs of the ladder (78). The Hamiltonian pa-
rameters can be controlled experimentally using the mappings
in Eqs. (79), (80), and (82), together with the expressions (70)
and (73), as a guiding principle. The particular Hamilto-
nian (3) with t˜ = tJ0(Vd,0/∆), ∆ε = δ/2, and Vv = U↑↓, is
obtained by tuning the ratio of the bare and Raman tunnel-
ings t/Ω = −2J0(Vd,0/∆)/J2(Vd,0/∆), such that the strength
of the inter- and intra-leg tunnelings is equal, and by fixing the
phases such that φ↑ = pi/4 =−φ↓ leads to a net pi-flux.
V. CONCLUSIONS AND OUTLOOK
In this work, we have advanced on the understanding of
the competition between topological features and interaction
effects in quantum many-body systems. By focussing on the
paradigmatic Creutz-Hubbard ladder, we have developed a va-
riety of analytical tools, and performed a thorough numerical
analysis, unveiling characteristic features and general meth-
ods that could be applied to other strongly-correlated topo-
logical insulators/superconductors. Moreover, our predictions
can be readily tested in table-top experiments with ultracold
fermionic atoms in optical lattices, which may serve as quan-
tum simulators of interacting topological phases.
By using a pair of electronic states of the atoms as synthetic
legs of the ladder, and by exploiting laser-assisted tunnelling
to control their dynamics, we have shown that the physics of
a variant of the Creutz ladder can be implemented in a one-
dimensional optical lattice. Such a variant is obtained by ap-
plying a Zeeman splitting between the two legs of the lad-
der, which puts the system into the AIII class of topological
insulators. To the best of our knowledge, topological insula-
tors in such a symmetry class have not been realized in cold-
atom experiments yet. Moreover, by adding on-site repulsive
interactions only, we can induce phase transitions of differ-
ent universality classes into an orbital ferro- or paramagnetic
phase. Surprisingly, we found that the expected Dirac CFT
transition line at weak interactions splits into two Majorana
CFT critical lines, once the Hubbard term dominates over the
Zeeman term: these findings are also numerically supported
by the scaling of entanglement entropy. In addition, we pro-
vided an understanding of these topological phase transitions
in the language of quantum impurity physics, shedding new
light on the hybridisation mechanism of the edge states. Fi-
nally, we have identified experimentally accessible signatures
to test our theoretical predictions.
From the above results, we are convinced that the synthetic
Creutz-Hubbard ladder can become a workhorse in the theo-
retical and experimental study of correlated topological insu-
lators, as it allows for a very neat understanding of the un-
derlying phase diagram, and a clear path to implement the
model with ultracold atoms. This could be helpful in order to
gain even deeper insight into the tri-critical point, serving as
a guide to construct an effective quantum field theory that de-
scribes the mechanism underlying the splitting of the central
charge into the two critical lines. It would be very interesting
to study the imbalanced Creutz-Hubbard model at different
fillings, and to explore the possibility of finding topological
phases of matter that disappear for vanishing interactions. In
this respect, the analytic and numerical methods hereby pre-
sented may be generalised to other fillings, allowing to go be-
yond mean-field arguments that support the existence of such
interesting ground states.
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